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We shall look at how two level systems can be treated quantum mechanically, learn how the electric
dipole interaction emerged as the coupling term between a two level system and electromagnetic
field, and deduce Einstein’s A coefficient, a decay rate of the two level system due to the coupling to
the vacuum fluctuation of electromagnetic field surrounding it. We then learn how a cavity changes
the density of state of the electromagnetic environment and modifies the decay rate of two level
systems.

III. TWO LEVEL SYSTEM AND CAVITY QED
B. Two level systems
8. Quantum description of two level systems

The system with anharmonic potential can be treated as the two level system by exploiting the fact that each
energy spacing is unique thus by choosing two distinct energy levels |0) and |1), which are the energy eigenstates with
energies hiwg and hw; > hwy, respectively. The useful operators for the two level systems are the Pauli operators,

0 = 300+ wan= (3 ) 0
o = g+ oan= (1 3) )
0 = 5molrioan = (1§ ) ®
5. = gemoreman= (3 5 ). (@)

which satisfy the angular momentum commutation relation
[&i75'j] = ieijk(}k (5)

The Pauli operators in the form of Egs. (1), (2), (3), and (4) thus play the role of generators of rotation. The ladder
operators are then defined by

b1 =6, +idy. (6)

*Electronic address: usami@qc.rcast.u-tokyo.ac.jp



The irreducible rank-1 tensor operators [1] can constructed with the Pauli operators,

T =~ (o +in)
1 0 —=+
— - Jswoi= (g 757) ™
Ty = 6.
10
= -0+ gma= (3 ) 0
T = (6. —idy)

to satisfy the definition of the irreducible tensors

(6., T)] = qTF
[&i,T(ﬂ = Vk(k+1)—q(g£1) thila (10)
which can be viewed as an operator extension of the more familiar definition of angular momentum eigenstates
&z|k7q> = 4q |k7Q>
Gelk,q) = VE(E+1)—qlg£1) [k,qg+1). (11)
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The Hamiltonian of an electron in Coulomb potential U(r) = % can be written in terms of Pauli operators:

p2 1 62

H, = — —
“ 2m, 4dmeg T

~ Tiwp|0) (0] + fiwq|1) (1]
= hi(wy +wo)bo+h (w1 —wp) b
T —_———
wA

= hQGo + hwad. (12)

The electric dipole moment of Bohr’s atom can be written in terms of Pauli operators
d=er = erpe, = eagn’® (6r€4 + Gyey +6€5)

(13)

with the Cartesian basis {e;, e,,e.}. It should be noted that the electric dipole operator d is the polar vector
operator having odd parity. By appreciating the characteristic symmetry property of the polar vector, the electric
dipole moment d can be given in terms of the irreducible rank-1 tensor operators

d=eaon® (Tie; + Tye; + T e* ), (14)
where {e1, eg,e_1} is the spherical basis, whose elements are given by
1 .
e = 75 (em —+ ley) (15)
e = e, (16)
1 .
e = 7 (ex —iey). (17)

It can be recognized that to account the odd parity {77, T¢, T} } should be considered as the normalization-modified

spherical harmonics {v471Y1_1(0, ¢), V4rYio(0, ®), VarY11(0,0)} [2].



C. Cavity QED and circuit QED
1.  Electric dipole Hamiltonian

Now let us move on to investigate the interaction between the two level systems and electromagnetic environment.
The dynamics of an electron in Bohr’s atom in an electromagnetic environment can be formal described by the
minimal-coupling Hamiltonian [3, 4]

H =

5 [P+ eA@)* +U(r) + Hp. (18)

Under the assumption that an electron confined within a volume far smaller than the wavelength of the field (long-
wavelength approzimation) we can get more user-friendly electric-dipole Hamiltonian,

2 !
p D'(0
H = +U(r) + Haip + | —ad- © + Hr (19)
2m, —~— €0 ~—
- Dipole selfenergy N—— Free field part
Atomic part: Hg Interaction part: H.;

from the minimal-coupling Hamiltonian Eq. (18) by performing a canonical transformation, the so-called Power-
Zienau- Woolley transformation [3, 4]. Here d is the electric dipole moment defined by Eq. (14) for Bohr’s atom. The
displacement D'(r) after the transformation is related to the transverse electric field E | (r) before the transformation
as

=E, (r). (20)

Thus the interaction Hamiltonian represents the electric-dipole interaction
H, =-d-E|(0). (21)

Note that the atomic part H, and the dipole self energy Hg;, degenerate into Eq. (12) within the two level approxi-
mation.

More heuristic approach to the electric dipole interaction Hamiltonian Eq. (21) goes as follow [1]. The starting
point is again the minimal-coupling Hamiltonian Eq. (18). By expanding the first term we have

2

p
H= A+ A-
2me + 2Me (p + p)+ 2me

62

A? 4+ U(r)+ Hg. (22)

Under the weak filed condition |p| > |eA| the third term zi A? can be neglected. The second term can be simplified
to

e e
cA+A-p=—p-A 2
S, (p-A+A-p) P (23)

by noticing the fact that
[p- A(r)|¢(r) = —ihV - (A(r)y(r))

= —ih| V-A(r) | o)+ —ihA(r) - (Vi(r))
0: Coulomb gauge
— [A(r) - —inV] 6(r)
= [A(r)-plo(r), 2

that is, p and A commute (p- A = A - p). Substituting

dr 1
= Me—7 = Me~" aHa 2
p=m T =, H] (25)



into Eq. (23) the transition probability from the upper state |1) to lower state |0) becomes

(O —p- Al1) = (0] [r, Ha] - A]1)
- %<O‘(THG—HGT)|1>~A

% (e — Tiwo) (O]7|1) - A
= e(0fr|1) - (—iwa) A
od A-_E,
= (0| —d-E|1). (26)

Thus the second term -%p- A in Eq. (22) is related to the the electric dipole Hamiltonian Hy;.

2. FEinstein’s A coefficient

Now that we have the interaction Hamiltonian H.; for the two level system coupled to the electromagnetic environ-
ment, we can see how the vacuum fluctuation or zero-point-fluctuation of the electromagnetic field causes the energy
decay from the upper state |1) of the two level system to the lower state |0). The decay rate I'4 from excited state
to ground state is called Einstein’s A coefficient, which can be calculated using Fermi’s golden rule. Suppose initially
that the polarization of the electric field is along x-axis:

i , ,
EL(0,6)=i) 4/ ﬁem (akeﬂwkf - aLeW) . (27)
k

Then the relevant dipole moment which would interacts with the electric field Eq. (27) is that along e, that is,

. o o
d= \/i,uno—xe:c = Un <\/—% + \/§> €x = HUn (7T11 +T11) €y, (28)
where p,, = e%ﬁ is the electric dipole moment of the transition n — n — 1 [5]. The interaction-picture interaction

Hamiltonian can then be given by

. HUn hwk A dwat ~ —idwat A —dwpt At dwpt
Vilt)=—i) (et e nt) (ape™n —afeirt) (29)
. \@ 2€0V
where the following relations are used:
I3 1 N . ~ IS ~ w
O+ = ﬁ [U+7Ha] = WA0L = U+(t) = J+(0)6 At (30)
0- == [6- Ha) = —iwad = () = 5-(0)e™ ™", (31)

where H, is the atomic Hamiltonian Eq. (12). Now invoking the rotating-wave approzimation, the interaction Hamil-
tonian Eq. (29) is further simplified to be

. Hn hwg (. . i(wa—wp)t Aoat —i(wa—wg)t
Vi(t) = —i — (UakeA Y —6_a,e A ’“)
( ) zk: \/§ 2€0V + k
kR
= —ih Y Ay (&mkei(w—%)t - &_aze—iw—%)t) : (32)
k

The transition probability amplitude,

ar0(t) = (O|Ur(H)[1), (33)



can be calculated by plugging the Dyson series

H=1- ;/Ot drvi(r) (1 - ;/Ot V() (1 - ;/Ot V(") - )) ~1 ;/Ot dVi(r).  (34)

into the time-evolution operator U;(t) in Eq. (33), that is,
aiso(t) = (0|0 (1))

= O [ aroviom
0

/dTZ)‘k (0[61|1) age’@a==R™ — (0lg_|1) afewamwr)
0 1%
10

t
= / dr > N Wigafe (@amen), (35)
k
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For vacuum we have the transition probability:

Plﬁo(t) <|a1~>0(t)|2>0

t t
/ dT/ dr’ < (Z )\kadkei(“’A—wk)T) (Z )\k,WfsodLe—i(wA—wk)q—’> >
0 0 k ~

t t
/dT/ dT’ZMkaF<akaL>oelW—wk)<T—T)
0 0 \“,_/
O et

27 (wa—wy)

= 27rt26 (wa — wi) |MWio?
k

fi7, Wk
= 2ﬂ't25 (wa — wy) 2” e V| Wio|? (36)

0

The number of modes per unit volume can be obtained by the following geometric argument. Suppose the spherical
shell of radius k and thickness dk in the reciprocal space. Since there are 2 polarization modes in unit cell (2%)3 in
the reciprocal space associated with the real space of volume V = L3 the following relation holds:

9 3
2 (Lﬂ) = Vp(k)dk : Ank2dk, (37)

where p(k) is the density of state and we have

]{72
p(k)dk = ﬁdk (38)

The density of state with respect to w can then be given by
plw)dw = ——dw. (39)

Consequently the sum over & in Eq. (36) can be replaced by the integral over w as

Z& WA — W) —>/ k)dkd (wa — wyg) = /Ooop(w)dwé(wA—w) = (40)

w2e3’



Note that this procedure of changing from sum to integral implicitly involved the second continuum limit V. — oo
with

a(k) i VVay,

alw) =72 = Jim =7 (41)
which satisfies the commutation relation
. . a(k) a'(k") 2m
e at@)]) = [ D2 ZT B k1) = w1 (42)
The transition probability Eq. (36) becomes
w? 14 %
P. t) = 2 A Pn 2
1-0() mt | 10] 2he V
= 43
| ol TEQ hc3 (43)
The decay rate is thus
dPiso(t) _ pn 2 Wi
r == 44
A dt 2 | | meghcd (44)
Let us look at the part
2 2
|l = (0l 1P (45)

more carefully. In terms of the irreducible tensor representation in Eq. (28) it can be rewritten in more informative
form as
1

1 s Var!
W “L0|v2T4|1
2 | 10| |< | 1| >‘ 2J'+1

Zzuiug, T, My|T e, J', M})[? (46)
My M’J

where the initial state is averaged over the excited state sub-levels and the final state is the sum over the possible
ground state sub-levels;

) =

2J/ + 1 Z |€, Jl? Mf]> (47)
My

=5 Ig.J My). (48)
2

From the Wigner-Eckart theorem [1], the matrix element in Eq. (46) can be rewritten in terms of the Clebsch-Gordan
coefficient as

(g, JIT e, T
o M L 1 M) (49)

(g, J, M| T e, J', M) =

where (g, J||T"||e,J’) is called the reduced matriz element of the tensor operator T, which is independent on the
geometry of the system (independent on magnetic sub-levels M; and M’). Using the following identity for the
Clebsch-Gordan coefficient,

ZZZ‘<J/aM};1>q|J7MJ>|2

Z ZZMJ’,M};Lq‘J,MJHZ
M’ q

9 M; M/ M
=Y 1=2/+1, (50)
My
we have
20 +1
SO M g e = 2L (51)

My M,



since the concerned space is isotropic the equality in choosing particular ¢ out of three possible value {—1,0, 1} results.
Plugging Eqgs. (49) and (51) in Eq. (46) we have

ujw 2 = 1 M2|<g,JIIT1He,J’>|2 2J +1
g IMM10 2J + 1" 2J + 1 3
}Mz (g, JI|T"|le, J")|?
3 20" + 1

1: for J'=J+1

1 1 [eagn? 2
- pa=3 () 52)

Plugging Eqgs. (52) into the form of the decay rate Eq. (44) we have the famous Einstein A coefficient:

Hip Wy
Ta = 3meghcd’ (53)
The Einstein A coefficient Eq. (53) tells us (1) the decay rate increases third power in w4, which indicates the general
trend that the two level systems with wider energy gap decay faster than those with narrow gap (2) the larger the
dipole moment g is the faster the decay rate becomes.
In this juncture let me introduce the trivia regarding the Einstein A coefficient I" 4. First, the angular frequency
w4 of Bohr’s atom for quantum number of n = 1 (the orbit radius of r; = ag) becomes

h h
w4 = 5= —>3 (54)

Mery Meag

thus

2
ea h
4= (05) = |V | = )

Topf

where g1 is the dipole moment of classical electron oscillator, an electron in a harmonic trap with the trap angular
frequency of w4 and the its r.m.s. displacement is zero-point-fluctuation z,,¢. The radiative decay rate of the classical
electron oscillator can then be obtained by plugging u; of Eq. (55) into p, in Eq. (53):
L Pl
3reghcd  6megmecd’

(56)

which does not contain h.
Second, the dimensionless oscillator strength F;; of the transition from level j down to level 7 characterized by
7vi; 6] can be defined as
_ i

1j — 9 57

where the factor 3 in the denominator is to undo the average we have performed in Eq. (51). This quantifies the
decay rate of an atom (or an artificial atom) by comparing it with that of the classical electron oscillator [6].

Finally, it is instructive to see the relation between the Einstein A coefficient and the Larmor formula of radiation
power P, emitted from the classical dipole, [5]:

2
2,3 eaon” ) 4 2
HpWa ( V2 ) A e 4 2 4
wata wA 3meghc? 3mepc3 6mepcd (wAaOn )
2 2
= (W)’ = 5 () = Pr. (58)

6mepcd 6mepcd



8. Purcell factor

The number of modes within the bandwidth between w + dw and w for free space is:

Vw?
Na(w) = 23 (59)
while that for cavity
K 1
Ne(w) = o— (60)
2 27
27 (- + (5)
The free-space spontaneous emission rate,
Vw? 1?2 w
Paw) =2r 72¢3 3 2hegV’ (61)
can be modified if we place the cavity with quality factor of @ = % and volume of V" as
2Q w
Pe(we) =2 o p? eV (62)
We have thus the Purcell factor
I'e 3 Q.3
Fp=—=—2)\°.
P Ty (63)
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