Harmonic oscillators, coupled harmonic oscillators, and Bosonic fields

Koji Usami®
(Dated: November 21, 2016)

We first study why harmonic oscillators are so ubiquitous and see that not only a point mass in
a harmonic potential but also an LC circuit behave like a harmonic oscillator. We then learn an
important idea of normal modes to deal with coupled harmonic oscillators. Finally we see that taking
the continuum limit a (14+1)-dimensional Bosonic field is emerged from coupled (0+1)-dimensional
harmonic oscillators. As examples we deal with a longitudinal acoustic phonon mode in a 1D atomic
chain and an itinerant microwave photon mode propagating in a 1D transmission line.

I. HARMONIC OSCILLATORS
A. Point mass in a harmonic potential
1. Lagrangian and Hamiltonian formalism [1, 2]

Let us begin by considering a point mass with mass m and coordinate z situated in a potential U(z). Suppose
that the mass is oscillating with small amplitude around the equilibrium position zo. Then the potential energy of
the mass can be Taylor-expanded around xg:

8U(z0) 182U(x0) 2
or T2 ax2 U

Ulz) = Ulxo) + (1)

Since the force, F' = 8%(;”0), should be zero in the equilibrium position, neglecting the potential offset U(xzq) we have
1 62U(1’0) 2
k

This suggests that any potential can be considered as a harmonic potential when we are interested in the small motion
in the vicinity of the equilibrium position.
With the kinetic part K = %ma’cQ we have the standard Lagrangian for the harmonic oscillator:

L(z,3) = K(%) — U(z) = L na? - %kx? (3)

The motion of the mass from time ¢; to ¢3 can be determined so as to minimize the action integral

ta

I:/L@th (4)

ty

The minimum of I can be obtained by a variational principle (Hamilton’s principle), which leads to the Euler-Lagrange
equation of motion:

d (OL(x,z) OL(x,%)
dt ( o ) o (5)
that nothing but Newton’s second law:
mi — kx = 0. (6)
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In the formal procedure the conjugate momentum, p, can then be obtained by

OL(x,d
p= 7(81; £) = mi. (7)
We have thus the Hamiltonian H(z,p) from the Legendre transformation:
H(z,p) =ip— L(z,%) = Lp2 + }kzx2 = Lp2 + lmwzgc2 (8)
’ ’ 2m 2 2m 2 ’

where w = 4/ % will trun out to be the eigen angular frequency of the oscillator.

2. Canonical quantization

We can promote x and p to the quantum-mechanical operators by imposing the commutation relation,

[%,p] = ih. (9)
Let the annihilation and creation operators be
mw
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respectively. The Hamiltonian Eq. (8) can then be written in a diagonal form as
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where
1
<n> = T he_ ) (14)
efsT —1
which in high temperature limit becomes (n) — 2T

B. LC circuit [3]
1. Q-representation (loop variable representation)

Let us see that an LC circuit can also be viewed as a harmonic oscillator. Replacing the coordinate z by the
charge (), the mass m by the inductance Ly, and the spring constant k by the inverse of capacitance Cy, we have the
Lagrangian for the LC circuit:

LQ.Q) = 3L ~ 5@ (15)

The first term is the inductive energy and the second is the charging energy. The Euler-Lagrange equation of motion
can then be given by
Q



FIG. 1: The first Kirchhoff’s law states that the sum of the voltages around a loop of a circuit such as shown here is equal to
zero. A series LC circuit connected to a resistor (see Fig. 3 (a)) has such a loop.

which shows the sum of the voltages (~ wvelocities) around a loop of a circuit is equal to zero (first Kirchhoff’s law,
see Fig. 1).
The conjugate momentum is

; = LoQ = o, 17
%) Q=9 (17)
which is identified as the flux. The Hamiltonian is thus
. . 1 1
H = —L = — @+ —Q?
(@) =Qp — L(Q,Q) TP 200@
I 212
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2L090 + 2 ow Q ) ( )
1
where w = TIoo
The commutation relation:
(@, ¢] = ih (19)
Let the annihilation and creation operators be
- Low [ A )
b= — 20
o, <Q I w) (20)
~ Low [ A )
b = - 21
o, (Q " w) (21)
The Hamiltonian Eq. (18) can then be written as
H(0,8) = ¢ + 2 Low?0?
’ 2L 2



2. -representation (node variable representation)

We can equally use the flux ¢ as the coordinate of the LC circuit system, which is more relevant when we deal with
a transmission line. Then, the Lagrangian is a function of ¢ and ¢, and is given by

1 1

L(p,¢) = 500852 - m@% (23)

where the roles of Cy and L 1 are the mass and the spring constant, respectively, and are switched from the first
case. The first term is then the charging energy and the second is the inductive energy. The Euler-Lagrange equation
of motion can then be given by

. ﬁ _
C()QD L() 07 (24)

which shows the sum of the currents (~ forces) arriving at a node of a circuit is equal to zero (second Kirchhoff’s law,
see Fig. 2).

FIG. 2: The second Kirchhoff’s law states that the sum of the currents arriving at a node of a circuit such as shown here is
equal to zero. A parallel LC circuit connected to a resistor (see Fig. 3 (b)) has such a node.

The conjugate momentum becomes

OL(e,9) _ .
0 Cop. (25)

Since ¢ = Lol =V (Faraday’s law of induction) the conjugate momentum of the flux ¢ is indeed the charge:
Cop = CoV = Q. (26)

Consequently, the Hamiltonian is

. . 1 1
H(p,Q) = ¢Q — L(p, ¢) TCOQ”TLO“”Z
1

1
= 36 Q? + icow%p?. (27)

The commutation relation:

[0, Q] = iR (28)
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FIG. 3: (a) A series LC circuit connected to a resistor. (b) A parallel LC circuit connected to a resistor.

TABLE I: Point mass - LC circuit - EM cavity mode
’ H Point mass ‘LC (Q-rep./ loop rep.)‘LC (p-rep./ node rep.)‘ EM cavity mode

Mass m Lo Co €0
Spring const. k Cio L% Hlo
Ang. freq. wzﬂ% w:\/ﬁ w:ﬁ wr = ck
Position x Q %) Ay
Velocity E=w Q=1I o=V Ay = —Ey
Momentum (|p = mz = mv p= LOQ = Lol Q= Cop=CoV Uy = e0Ar = —eoEx
Force F=p=kzx V:gbzc% :Q:L% Hk:%
Let the annihilation and creation operators be
CQOJ ) A
C=\— |9+ 5— 29
(o4 o) (29)
Cow i A
=22 (- 30
¢ 2h (SO Cow ) ( )
The Hamiltonian Eq. (27) can then be written as
i A L oap 1 242
H(p,Q) = TC’OQ + 50060 %

= hw (efé+ ;) . (31)

Compared with the point mass case, the Q-representation chooses ) as a position variable while ¢-representation
chooses ¢ for that. In view of standard circuit theory, these choices are related to Kirchhoff’s laws; the former chooses
loop currents as a set of independent degrees of freedom of the circuit while the latter chooses node voltages for
that [3]. We will mainly use the latter ¢-representation, which has more direct relevance to 1D transmission line when
taking continuum limit of coupled LC circuits.

Table I shows the correspondances of the physical quantities of point mass, LC circuit, as well as electromagnetic
cavity mode, all of which can be viewed as a harmonic oscillator.



II. COUPLED HARMONIC OSCILLATORS

What happens if we couple two harmonic oscillators? Here, the coupling means that the two oscillators exchange
energy. The coupling can be incorporated in the Hamiltonian as a quadratic term, which contains dynamical variables
(i.e., coordinates and momenta) of both oscillators. To see more detail, let us take a look at a system where a
mechanical oscillator is coupled with an LC circuit, an electro-mechanical system.

A. Electro-mechanics

Let us consider the situation in which a metallic membrane oscillator with the angular frequency of wy, is capacitively
coupled to a LC circuit with the angular frequency of wrc. The coupled system’s potential can then be given by
H(z,Q), where x is the membrane displacement and @) is the charge in the capacitor of the LC circuit. Suppose that
with certain external voltage the equilibrium position is © = X, and the equilibrium charge is @ = Q. Then, around
the equilibrium point, the potential can be written as

0H 0H 10*°H 10%H . 0’H

H(JJ,Q) = H(XOaQO) + (%iﬂ— 8QQ) + (5 5 22+ §TQ2Q2 + 5200

Q) (32)

with z = Xo+2,Q = Qo +Q. The linear terms in Eq. (32), however, vanish becasue of the definition of the equilibrium
condition %—Iﬂz:XO =0 and %|Q=Qo = 0. Neglecting the equilibrium potential energy H (X, Qo), we have

N N 1 1 4 N
H(j:7 Q) = imwmj:Q + %QQ + Gi‘Q, (33)

9*H — L — 2 0°H _ 1 9°H —
where W|$:XO =k= mwy, , TQ2|Q:Q0 = and m|$:XO,Q:QO =G.

m(4)? for mechanics and 5-¢? = JL(%42)? for LC-circuit, we have

By adding the kinetic energy parts, ;-p? = 1

the Hamiltonian,
. 1

1 1. 1 . R
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H= 2mp +2mwmx +2L¢ +2CQ + GzQ . (34)

mechanics LC

coupling

The Hamiltonian Eq. (34) can be rewritten in terms of the annihilation and the creation operators as

N 1 1 1 - 1 N N
H = = a2 - ~2 = a2 L 2 S
2mp —|—2mwmx +2L¢> +2 wrc@Q* + GzQ
1 an 1 h h A N
= ATA - T — AT A -i—
B, <a a+2>+thC (b b+2)+G< Do (a +a)> ( Twre (b +b>>
1 a1 h G N .
= hwn, (afa+ =) + R o4+ - )+ = ————— (af +a) (b +0). 35
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—_——
g

Using the rotating-wave approximation which neglect rapidly oscillating terms ab and a'b' in the last term in Eq. (35)
we have the canonical Hamiltonian for the coupled oscillator system:

H = hwpila + hwpcbd + 5 (aTb + bTa) . (36)

Here the vacuum energy terms are omitted since the energy can be offset arbitrary.

Let us analyze the energy level structure for the coupled system. First, suppose that the two oscillators are resonant,
that is, wy,, = wre = w. We then easily guess that the normal modes, which diagonalize the Hamiltonian Eq. (36),
are



With these normal mode operators the Hamiltonian can be indeed rewritten in a diagonal form as
- h h apn
f= (hw - ;’) e+ (hw + 29> d'd. (39)

The eigen-energies are shifted from the originally degenerate hw by hg, which called normal mode splitting.
Next, let us consider the situation where the mechanical and LC oscillators have different resonance angular fre-
quencies, wy, and wrc = wy, + A, respectively. The normal modes in this case become

¢ = cosf a—sinf b (40)
d = sinf a+ cosf b, (41)
where the mizing angle 6 is defined by
A
cot 20 = —. (42)
w
The resultant diagonalized Hamiltonian is
- hA  hg 1 hA hg 1 A
- ha  hg At ha | hg t
Pom = =y mag | OOt [ et Y g |
—_———
T (Wm+twre) 2 (wm+twre)
= Ei(A)éte+ Ey(A)d'd. (43)

The eigen-energies F; and E5 for the nornal modes ¢ and d are thus varies as a function of A. Figure 4 shows such a
normal mode splitting.
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FIG. 4: Normalized eigen-energies E1(A) and E2(A) for the coupled oscillator system where the one oscillator has the bare
energy of hwy,, while the other has hw,, + hA. Here, the coupling rate 5= is 10 MHz while g% is 10 GHz. The dashed lines
represent the eigen-energies for the uncoupled system, i.e., the dashed blue line is for the bare energy of mechanical oscillator

and the dashed red line is for that of the LC circuit.

B. 1D atomic chain -phonon modes [4]

Let us consider one-dimensional monatomic atomic chain with the periodic (Born-von Karman) boundary condi-
tion [5], ¢(Naa) = ¢(0), where a is the inter-atomic distance. The potential energy of an atom in the chain is now
dependent on the configurations of the nearest-neighbor atoms. The total potential energy is then

1 e )
Vi=gh > (a(na) — q(fn + 1]a))*, (44)



where we assume that the neighboring atoms interact with the spring constant of k. The equations of motion for the
coordinates {q(a),- - ,q(Naa)} are coupled equations, i.e.,

oV
9q(na)
= —£(2q(na) — q([n — 1a) — q([n + 1a)) . (45)

It is again possible to diagonalize the potential energy, Eq. (44) into independent quasi-particles’ potential energies by
linear transformation of the coordinates and thus by defining the normal modes (phonon modes). Taking advantage of
the periodicity due to the periodic boundary condition (¢(N,a) = ¢(0)) we can employ a type of Fourier transformation
as the required transformation, that is,

mg(na)

1 .
q(na) = N, Z ekl (46)
a ki

where k; = %1 with [ = 0,41, £2, - ’%.
In terms of the normal coordinates wyg,, the kinetic energy becomes

K = g 5 Y b

na ki ky

m L.
= 5 Zuklu_kl, (47)
ki

and the potential energy Eq. (44) becomes

vV = % Z Z Zuklukl/ eikm,a (eikla _ 1) eik/lna (eikl/a _ 1)
a

na k;  kp
K
=3 Z 2(1 — cos(kja)) ug,u—p,, (48)
ki
where we used
Z ei(klikl’)na = Na(skzkz/ . (49)
Since the Lagrangian can be given by
L= %Zaklu,kl - gZQ(l — cos(kja)) ug, u—_p,, (50)
k:l kl
the canonical momenta are systematically deduced, i.e.,
oL
= = Y _ 51
Pr, 51% mu—g, ( )
oL
k= = mayg, . 52
P—k, 81Lkl mug, ( )

In terms of these we have the Hamiltonian:

1
- Zpkzp—kz + K Z (1 — cos(kia)) ug, u—_r,
k; k;

1 1 2k(1—cos(ka

2m 2 m

H

ki

1 1
Z <2,rnpk'lpkl + Qsz,Ukzukz> ) (53)
ki



where in the last line wy, is defined as

o \/Qm —;os(kla)) _ 2\/3

Note that the relation between the eigen angular frequency w (energy) and the wave number k& (momentum) is
generally called the dispersion relation. Figure 5 shows the dispersion for the case of an atomic chain consisted of 100
atoms. We can see that because of the inter-atomic interactions the eigen angular frequencies are dispersed from the
nominal angular frequency of the individual oscillator wy.

sin(kl—a
2

). (54)
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FIG. 5: Dispersion for the case of an atomic chain consisted of 100 atoms. The nominal angular frequency of the individual

oscillator is wp and kja = %L where [ =0,+1,£2,--- ,+50.

Now following Egs. (10) and (11) the following annihilation and creation operators for the normal modes are defined

N mw N T
ag, = 2hkl (uk, + pkl) (55)

mweg,

N [mwg, (. T
azl = th (ukz — kal) . (56)

Note that the annihilation and creation operators mix the modes specified by k; and —k;, which is a trait when dealing
those operators with the periodic boundary condition [4]. With the annihilation and creation operators, Eqgs. (55)
and (56), the Hamiltonian (53) becomes

H = ZHkl (57)
ki
with the Hamiltonian density

L1
Hy, = howy, (a,ﬁlakl + 2) . (58)

III. BOSONIC FIELDS

Now let us see that from the coupled (0+1)-dimensional harmonic oscillators a (1+1)-dimensional Bosonic field is
emerged by taking the continuum limit. As concrete examples we will deal with a longitudinal acoustic phonon mode
in a 1D atomic chain in Sec. III A and an itinerant microwave photon mode propagating in a 1D transmission line in
Sec. TII B.
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A. 1D atomic chain [4]

Suppose that the inter-atomic distance a < 1, then

q([n + 1]a) — g(na) = q(zy + a) — q(z,) = s ¢ (59)

and
a(lnla) ~ a(fn — 1Ja) = gl) — gl — @) = 2400y, (60)

thus

2q(na) — q(ln — 1]a) — a([n+ 1)) = (glwn) — a(wn — @) — (alwn +a) — g(z0))
- (Mt )y,

Ox Ox
Pq(zn +a)\
_ <(9x2 o2, 61)
Plugging this in Eq. (45) the equation of motion for ¢(x) in the continuum limit can be written as

mij(z) = K (6’2‘;(2”3)) a2, (62)

or

10?2 02
<v28t2 - W) q(z,t) =0, (63)

that is, a (1+1)-dimensional Bosonic field equation (massless Klein-Gordon equation) with the velocity,

m e e

where p = " is the mass density of the chain and ¢1; is an elastic constant. This wave equation is essentially for the
longitudinal acoustic phonon mode. Note that the dispersion relation Eq. (54) in the continuum limit is linear:

k 2
Wk :21/%Sin(7a) /2 k—vsk (65)

We see that in the continuum limit, a — 0, N, — oo, the displacement field g(z,t) is emerged from the discrete
atomic chain. Note that x is now the index as opposed to the coordinate. From the view point of the field theory the
point mass equation, Eq. (6), is in fact (0+1)-dimensional boson field equation.

Note that the (0+1)-dimensional coordinates have been defined by Eq. (46) as

gn(t) = \/% Z etki(na)y, (1), (66)

and the canonical momentum is

Thus the commutation relations are

for the real space operators since we have

[ukl (t)’pkl’ (t)} = ihékhkl, (69)



11

for the reciprocal space operators.
The (141)-dimensional operators are defined, on the other hand, by

q(z,t) = lim = lim —= ) up(t)e™ =—7=) ug(t)e (70)
N‘Zi%o va Nizooo VNaa zk: VL zk:
and
_ . pn(t) _ : 1 —tkx __ i —ikx
p(l‘,t) - Nilé?)oo \/a - Nilé)?)oo \/m Zk:pk(t)e - \/Z zk:pk'(t)e ) (71)

where the factor ﬁ is introduced in each definition in order to make sense when the limit operation a — 0, N, — oo

with N,a = L finite is performed on the original (0+1)-dimensional forms in Egs. (66) and (67). The Fourier-
transforms are then properly defined with the periodic boundary condition over the length L

g (t) = \% / duq(w, t)e—* (72)

and

The commutation relations are then
[q(x,t), p(a’, 1)] = ihd(x — 2’) (74)
for the real space operators and
[wr, prr] = ihdg (75)

for the reciprocal space operators.

B. Transmission line [6]

The language we have developed for treating a longitudinal acoustic phonon mode in a 1D atomic chain as a Bosonic
field can be translated into that for an itinerant microwave photon mode propagating in a 1D transmission line (see
the correspondences table, Table II1 B). The field equation of the transmission line can be read as

1 0% 02
(1112,8152 - 8:1:2) <P($>t) =0, (76)

where
1
v, = ——
P Vie

with [ being the inductance per unit length and ¢ being the capacitance to the ground per unit length.

1. Lagrangian and Hamiltonian formalism

The heuristic approach presented above can be justified by the following arguments. The flux variable ¢(x,t) in
Eq. (76) is to the 1D transmission line what the displacement field ¢(z,t) is to the 1D atomic chain. The flux variable
o(x,t) here is related to the local voltage V (z,t) as [3]

Sp(xat) - / dTV(QJ,T), (78)

— 00



12

which leads to Faraday’s law of induction:

Vi, t) = ¢(x,1). (79)

On the other hand, the voltage drop 6V (x,t) within a length dx can be expressed in terms of the local magnetic field,
B(z,t), as

0 0
SV (rt) =~ 5//E B(r,1) - dS = oz 1(x.1), (80)
16xI(z,t)
and thus
0 0
8xv($’t) = —lﬁf(;v,t), (81)
where I(x,t) is the local current. With Eqgs. (79) and (81) we have
0 10 (0
<atf(93at)> = T <at90(35at)) ; (82)
thus,
10

With these relations (79) and (83) the Lagrangian density can be written as

Llat) = SVt — ST

c .. o L[ 10 2
= 5(@(%15)) 3 <—l(%<ﬂ(l’,t))
|

Potential energy

(6o, )? - 5 (retant)) (54)

Kinetic energy

N o

From this Lagrangian density Eq. (84) the Euler-Lagrange equation can be deduced [7] as

doc oL o oL
dtop  0p  0xdZe

0, (85)

extra term

which is exactly the wave equation we had in Eq. (76).
We can confirm that the momentum conjugate to ¢(x,t) is indeed the charge density,

or _

q(z,t) = 95

cV(x,t). (86)

TABLE II: Atomic chain - Transmission line - EM traveling mode

HAtomic chain‘Transmission line| EM traveling mode

Mass density p c €0
Elastic const. c11 : #10
Velocity Vs = ﬁ vp = ﬁ Cy = \/ql)m
Impedance Zs = \/z Zy = \/g Ty = \/g
Displacement q(z,t) o(z,t) A(w)
Momentum p(z,t) q(z,t) IT(w)
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FIG. 6: A coaxial cable. The outer radius of the center conductor (patinted in red) is a, and the inner radius of the outer
conductor (painted in gray) is b.

For a coaxial cable (RG-58U) shown in Fig. 6, the local flux and voltage can be given by

Sp(z,t) = / B(z,1) :7550/ gr ol @) 5 b0 <b> I(z,t) (87)
o 2mr 27 a
———
B(z,t)
Viz,t) = /bE( t)d /bQ(x’t)d N (88)
Hh = “ LHer = . 2mer "7 ore MG ) 1Y
——
E(z,t)

The typical inductance and capacitance per unit length are designed to be

| = = 39}9&(2;) %m (2) ~ 200 nH/m (89)
c = m—lj?g)NSO pF/m, (90)
which lead to
vy = % = \/% ~ 2.5 x 10% m/s (91)
2 =i =5eym(5) ~s0 0 (92)

2. Canonical quantization
The Hamiltonian density is

(o) = 5ot + 57 (5000 (93)

and the Hamiltonian is obtained by integrating the Hamiltonian density Eq. (93) over the length L:

H= : dxH(z). (94)

L
2
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The commutation relation is

[o(z.1),q(2",1)] = ihé(x — 2’) (95)

for the real space operators. Note here that Dirac’ delta function (as opposed to Kronecker’s delta function) apears
as a result of taking the continuum limit, that is, the inter-LC distance a — 0 and the number of LC N, — oc.

In reciprocal space the flux and charge variables are defined with the aforementioned periodic boundary condition
as

L (96)
Y = — rp(x)e

VL J

1 (% ,
o = = [ deglx)eie, (97)

Here the commutation relation is still with Kronecker’s delta function,
[©ks i) = iRk (98)

The Hamiltonian can be rewritten in terms of ¢y and g as
H=Y H, (99)
k

with

1

1
Hi = 50 IRk + o] PEP—k

1
= hwy <é£ék + 2) , (100)

where the annihilation and creation operators for the Bosonic field are respectively defined by

Cwn, )
Cr, = — 101
Cr B <<P k + Qk) (101)
R ) 0
T <so —q k) (102)
with the commutation relation
[Chs Crr] = Okrr (103)

These are the same as the forms for the @-representation of a LC circuit except for the quantities ¢ and g are
complex variable due to the fact that the periodic boundary condition is used to formulate.

3. Second continuum limit (thermodynamic limit)

Taking the second continuum limit (thermodynamic limit) L — oo makes the sum on k in Eq. (99) changed into
the integral over k:

= [ G (we +3). (104
where

k) =[5 (w0 + ati) (105)

Ay =[5 (w0 - Zat-m). (106)



with

o0 .
p(k) = lim \FLapkz/ drp(z)e™™
L—oo

—00

o0
q(k) = lim VLg = / dxq(x)e™ e,
L—oco 0
The commutation relation for the canonical operators becomes

o000 = [ [~ ot [ awtatae s

o oo o o
_ / dl‘/ dz’ [(p(m),q(ﬂc')] ez(kx—k: T )
-0 —o0 TS(/’_)/

= zh/ dzei(k—F)e

218 (k—k')
= ih 278(k — k'),

and thus that for the annihilation and creation operators is
[e(k), (k)] = 276 (k — K)

from Egs. (105), (106), and (109).

IV. REMARKS
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(107)

(108)

(109)

(110)

There are many confusing points we have to be careful in dealing with Bosonic fields. Among other things I would

like to emphasize in particular two points, 1) the issue of boundary conditions and 2) the issue of dimensions.

A. Remarks on boundary conditions

We shall just summarize popular boundary conditions used in the literature to help clarify the differences. These
are particularly relevant to the situation where the quantization is performed on the finite size system, that is, when

making do without the second continuum limit (thermodynamic limit).

Periodic (Born-von Karman) boundary condition (Traveling wave [complez])

e Boundary condition: ¢(0) = (L)
e Variable: o(r) = % ;wneiknx [N_terms]

L .
e Fourier transform: (,, = ﬁ [ 2, dap(z)e=Hne
2
ok, = %’rn

N N
= 0,41, 42, -+ = —1, =
L 07 ) ) b 2 72

N points

Dirichlet boundary condition (Fixed-end standing wave [real])

e Boundary condition: ¢(0) = ¢(L) =0

e Variable: p(r) = \/% S o) sin(kpa) [N terms]
kin >0
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e Fourier transform: ¢4 \/7 J 2L deo(x) sin(k,x)

ok, =7
en=012---,N-1,N

N points

Neumann boundary condition (Open-end standing wave [real])

e Boundary condition: Z¢(0) = Z¢(L) =0

e Variable: p(z) = \/% > <p£f) cos(kpx) [N terms]
kn>0

e Fourier transform: ap \[ [ 2. dzp(x) cos(kyx)

o ky=71n
en=012--- N—-1,N

N points

Mixed boundary condition (Cosine and sine modes [real])

e Boundary condition: ¢(0) = ¢(L)
e Variable: p(z) = \/% > (ap%)cos(knx) gagl)sm(knx)) [X terms x 2 modes (cosine and sine)]
Ky >0

o) = ff dwp(w) cos(kn)

o = 3 17, dwp(a)sin(hne)

e Fourier transform:

o k=2
N
=0,1,2,-, = —1
o n 2

N/2 points

We will henceforth chiefly employ periodic (Born-von Karman) boundary condition.

B. Remarks on dimensions

We have to be aware that the dimensions of the operators change when the continuum limits are taken. Here we
see these dimensional changes by taking a 1D transmission line as an example.

1. Discrete (0+1)-dimensional variables (N coupled-LC' chain)

The cannonical variables are

onlt) = %Ze—ww%@ (111)
k;

1 .
gu(t) = ﬁZeW”“)th% (112)
ki

where

k= ——1 (113)
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with [ =0,£1,42,--- ,:I:%. The commutation relations are given by
[Pn(t), g ()] = ihdp - (114)

The Fourier transforms read

pull) = 5 Do) (115)
1 —ik;(na
ka(t) = ﬁ;e i )Qn(t)a (116)

and the commutation relations

[0k, (), Qi (1)] = iR, gy, - (117)

2. Continuum (1+1)-dimensional variables (length-L 1D transmission line)

By taking a first continuum limit, (1+1)-dimensional operators are defined by

. (pn(t) : 1 —ikx 1 —ikx
p(z,t) = lim = lim Z or(t)e =— Z or(t)e (118)
N3% Ve gm0 VN G VL5

q(z,t) = lim qL(t) = lim 7qu(t)eik“:i2qk(t)eikx, (119)

where the factor %l is introduced in each definition in order to make sense when the limit operation a — 0, N — oo

with Na = L being finite is performed. The Fourier-transforms are then properly defined with the periodic boundary
condition over the length L

wr(t) = \;E/dzga(z,t)eikz (120)

/ dzq(x,t)e ke, (121)

For the real space operators the commutation relations are now given with Dirac’s delta
(e, 1), a(a’,8)] = ihd(z — ') (122)
while for the reciprocal space operators these are still given with Kronecker’s delta

[gok,qk/] = ih(;kyk/. (123)

3. Continuum (1+1)-dimensional variables (infinite-length 1D transmission line)

Taking the second continuum limit (thermodynamic limit), L — oo, we have

olk) = Lh_)rréo \/Eapk z/ dacgo(:v)eik”” (124)
q(k) = ngl;o \Fqu :/ da:q(x)efikx. (125)



18

These changes in turn lead the following representations of real space operators:

pla,t) = Jim % ; (tiy%)e—ikx = Jim 7 Z‘p o—ikz _ /_O:O %(p(k)e—ikx (126)
q(z,t) = Lh_)n;O % zk: q(\/]%)e““ = Lli_rgo I ;q(k)e“mlc = /_C: %q(k)eikx, (127)
The commutation relations for the canonical operators become
[o(k), q(k")] = ih 2m6(k — k') (128)
and
[o(x,t),q(2',t)] = ihd(z — ). (129)

V. PROBLEM

We have learned (1+1)-dimensional Bosonic field and used to analyze a longitudinal acoustic phonon mode in a 1D
atomic chain in Sec. IIT A and a microwave photon mode propagating in a 1D transmission line in Sec. III B. Now let
us extend the spatial dimension from 1 to 3 to learn a bit about (341)-dimensional Bosonic field.

A. Elastic waves in an isotropic medium [4, 8]

For fluids the volume v is the only relevant mechanical extensive parameter. For solid, however, there are several
additional mechanical extensive parameters. The emergence of these additional parameters can be said as a conse-
quence of the ”spontaneous symmetry breaking” occurring in the ordered systems. The relevant extensive parameters
are the strain tensor components, which can be written as the elements of a symmetric matrix;

O, (T) 1 [‘)ul(’l") i auy(r)) 1 Bul(’l") n auz(’l")
wa Za:y sz Oz 2 2
’ auT r o r Ou, (T Ou, (T auz r
B= | %, Ny N | = | 5 (20 2u® —“5; ) 1 “J( Buy(M) ( ) (130)
Yoy Tus X 1 Buz(’l") 8u2(7') 1 (Buy (1) | du (1) auz(’l")
Y 2 0z + ox 2( 0z + Jy ) 0z

with u(r) = {uz(r), uy(r), u.(r)} being the displacement field vector at position r. Note that with the displacement
field vector the infinitesimal distance dr in the elastic body can be deformed as dr’ = dr + dr - Vu(r) and the strain
tensor X is nothing but the symmetric part of Vu(r).

The cubic symmetry is the highest form of symmetry of any crystalline solid can have. A non-crystalline amorphous
solid, however, can be isotropic. Since an isotropic system is invariant under any rotation we have just 2 independent
elastic coefficients, Ar, and ur,, called the Lamé constants. In this case the free elastic energy has to be expressed as
a manifestly rotational invariant form with Ar, and pur,:

2
where o = {x,y,2z} and 8 = {z,y,z}. Note that the first term, (E Ew> , is the squared sum of the diagonal

elements of 3 and the second term, > Ziﬁ, is the sum of squares of all elements of X.
a B

The Lagrangian density for the isotropic elastic medium can then be given by

2
‘C’(uom"' 7ua7"'):%Zpui_%)‘L (Zzaa> _NLZZZiﬁ' (132)
e} a a B
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Using the Euler-Lagrange equation (85) deduce the following elastic wave equations:

19> 0
<v% o 3x2> wlet) =0 1
1 0% 9

where the former represents the longitudinal acoustic phonon mode with the longitudinal sound velocity

K+ 4
g = AL+ 21 _ + 3HL _ CA’ (135)
P Vo V »

while the latter represents the transverse acoustic phonon mode with the transverse sound velocity

vp = B =[5 (136)
p p

Here K is the bulk modulus, which is written as K = A+ % u1,- The Lamé constant uy, is also called the shear modulus.

B. Electromagnetic waves in vacuum [7]

The electomagnetic waves can be similarly obtained when the Lorentz invariance is forgone and Coulomb guage is
used. Formally replacing the displacement field w,, (r) with the vector potential A, (r), p with eg, and g, with l%o as
suggested in Table I1I B we shall have electromagnetic wave equations. Show that in Coulomb guage where

V-A=0 (137)
we only have the transverse mode:
19> 02
——-=—]A t) = 0. 1
<02 12 OIQ) r(z,t) =0 (138)
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