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We have learned how to treat the dissipative element, that is, the environment, quantum me-
chanically. Now we turn our attention to the system and learn how the dynamics of the system
is affected by the environment. We shall start by considering, from the viewpoint of Schrédinger,
a hormonic oscillator as the system, which is coupled to an Ohmic environment, and analyze the
resultant master equation for the damped harmonic oscillator.

I. "COARSE-GRAINED” TIME EVOLUTION [1]

Let us reexamine the LCR circuit from the viewpoint of Hamiltonian formalism. We shall assume the total Hamil-
tonian to be

H=H, + Hy + Hp, (1)

where Hg, Hp, and Hj are the Hamiltonians of the LC circuit (the system), the transmission line (the Ohmic
environment), and their interaction, and are respectively given by

H, = hwoa'a (2)
o, = / Z—:hwéT(w)é(w) (3)

H; = —ih /°° dw (f(o.)){ffé(w) — f*(w)&é’f(w))

R- R+
= —ih[a'R™ —aR"]. (4)

Here the coupling strength f(w) has the dimension of y/Angular frequency and will be identified to the familiar
quantity later on.

Let us analyze the coupled system by focusing on the evolution of the density operator p of global system. The
time evolution equation in the Schrédinger representation is

So(0) = = [H, (). o)

In the interaction representation with respenct to Hy + Hy, it becomes

d - 17~ -
—p(t) = — |H(t t
Zolt) = — [Hi(1), (1)) (6)
where
plt) = €T p(t)e T (7)
Hi(t) = e %t Hpe
= —ih |aTe™ R (t) — ae" 'Rt (1)| (8)

*Electronic address: usami@qc.rcast.u-tokyo.ac.jp


mailto:usami@qc.rcast.u-tokyo.ac.jp

where
Rt = R e [ S e (9)
oo 2m
RT(t) = el PR et = / ;li;f*(w)ef(w)eiwt. (10)

The benefit of turning to the interaction representation is that if the interaction Hy is sufficiently small p(t) evolves
slowly.
By formally integrating Eq. (6) we have

t+AL R
e+ a0 =g+ 5 [ de [f(0), ) (1)
t
which leads to the following iterative relations:
Ap(t) = plt+ At — (t)
t+At ~
= ot
G [me.w]

= = tt+Atdt [HI( N, (t)} I (;)2/tt+a.tdt//tt/ dt"” [lf[[(t’), {ﬁ;(t”),ﬁ(t”)”
R )

Let us now assume that the interaction between the system and the environment is small and retain the terms in
Eq. (12) up to second order in Hj:

s = [ a [ <>}+(;)2 [ i T, [ 0] (13

Now we make a crucial assumption. By writting the reduced density operators &(t) = Trp {p(t)} and 5,(t) =
Trs {p(t)} for the system (LC) and environment (R), respectively, let us assume

p(t) = a(t) @ Gu(t), (14)

meaning that the correlations between the system (LC) and the environment (R) at time ¢ are neglected as they disap-
per very quickly compared with the typical time scale At we are interested in. Further assume that the environment
is not affected by the coupling to the system and thus the environment is in a stationary state, that is,

51(1) = 31(0) = (15)
and thus
[ow, Hy] = 0. (16)

Now, by tracing out the environmental degrees of freedom we have

Try {Ap(H)} = <;i>2 /;JrAt dt’ /ttl dt"Try, { [I;’I(tl)7 {ﬁf(t”)aﬁ(t)ﬂ }, (17)

where

Ty {-} =Y {nl - In) (18)

n

with {|n)} being the complete set of states for the environment. Here the first term in Eq. (13) disappears since
o {[#:0),50)] } = T {[f:0),50) 0 0] |
— _ih [aTeWOf’Trb {R* (t')ab} — et T, {Rﬂt')ab}] &(t)
ik (t) [afeiwot’Trb {R* (t’)ab} — gemiwot' Ty, {R+(t’)ab” . (19)



In case where the environment is in the thermal equilibrium
T, {R+(t’)ab} — Ty, {fz— (t’)ab} —0, (20)
thus
o { [A1(¢), 5(1)| } = 0. (21)
The coarse-grained time evolution of &(t) can then be given by

As(t) _ Tro {Ap(1)}
At T At

- ;Alt/tHAtdt’ /tt/ dt"Tr, { (1), [}(t”),&(t)®ob]]}

g
_f;;/j*“dt,/f ar" |Tr, {H () (") (5() @ o) }

iy {(&(t) ® op) Hy(t") H (') ] . (22)

II. LINDBLAD FORM [1-3]

Let us further investigate the coarse-grained time evolution of the reduced density operator o(t) in Eq. (22) to
obtain the so-called Lindblad form, the non-unitary time evolution which nonetheless preserves complete positivity
and trance of o(t). By plugging Eq. (8) into Eq. (22) we get

AG(t) 1 /H“ ,/‘” y
- dt dt
At At \ [

Try {( T R™(t") - a(t’)R+(t’)) (dT(t”)R_(t”) —a(t")R* ) ) ® o }

T, { (8l (¢) R (¢) — a(t) RH () (5(1) @ o) (@ (") R (") — ale) B () |

~, { (al () R (1) = alt) R (1)) (3(0) @ o) (T () R ( )
(aT(t’) (it >}

1 /H_At ’ v " [
= — dt / dt

(B (R (a5 — (R R @ )al)al (¢)6(0)
R EVR )5 (0l (@) + (B R ()l ()5 (balt")
HRDORH ) FOG () + (BHEOR (¢)a (¢)F0al)
—(R™("RF (" )a(t)al (t")at') — (R (") R~ (t"))a(t)a(t")a' (¢')
I (23)
where
a(t) = ae ™ot (24)
at(t) = ateot (25)
and

<F> = TI‘b {FUb}, (26)
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for any operotor F for the environment. Here the terms involving the products (RT(t;)R*(t2)) and (R~ (t1)R™ (t2))
are omitted for those produce zero when evaluating the expectation values with respect to the thermal state o,. By
putting the reduced density operator () outside of the integral we have

ast) _ _ L [(d*d&(t) —aa(t)at) /t T /t " ((R—(t’)R+(t”)>e”“’°(’*t”))

At At

+(5(t)aa’ - als(t)a) / T / ar” (R @R (1) Zwo(t'ﬂ)]
+h.c. on

We now calculate the two-time averages in Eq. (27). Note that from Egs. (9) and (10) we have

<R_(t/)R+(t”)> :/_ / AW <é(w)éT(w’)> e~ iwt’ giw't”

((n)y+1)276(w—w’)

-/ ;l—:|f<w>|2<<n<w>>+1>e*““<t’*t”> (28)
and similarly
D+ (P (#)) — > dw w/ etw)elw eiw’t”e—iwt/
w ) = [ [T 5 )
- [ ;i‘;j\f<w>\2<n<w>>e*iw<t'*t”> (29)
where we used
[6(w), é' ()] = 2m6(w — ') (30)
and
(eM(w)e(w")) = Try {c wop} =276 (w — ') (n(w)). (31)

Since the two-time averages of (R~ (#')R* (")) and (R"’(t”)R_ (t')) depend only on the time difference 7 =t/ —t”
we can modify the domain of integration in Eq. (27) as shown as the shaded area in Fig. 1, that is,

t+At At t+At
/ dat’ / dt" — / dr / (32)

T:t'—t"

t t+1 t+At

FIG. 1: Domain of integration: Eq. (32).
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FIG. 2: Domain of integration: Eq. (33).

Now let us further assume that (R~ (#')R*(#' — 7)) and (R (#' —7)R~ (') are only non-zero within the narrow region
as shown as the red-shaded area in Fig. 1 where 7 < 7. < At. This allows us to extend the domain of integration as

shown as the shaded area in Fig. 2, i.e.,

At t+At ) t+At
/ dr / dt’ — / dr / dt
0 t

/t e /t " (<R— (t') R+(t”)>eiw0(t'—t”)) = At /0 ar ((R‘(T)RJF(O))e"“OT)
_ A / ar [ )P () + e

to give

and similarly
/t e /t " (<R+(t")R—(t')>eiwo(t’—t”)) = At /0 ar (<R+(0)R‘ (T)>ei“’07)

—at [T [ 2217 )

—i(w—wo)T.

(33)

(35)

These integrals seem to diverge at w = wy. To prevent the divergence let us insert the convergence factor e into



Egs. (34) and (35) and perform integrations

lim dq-/ — ‘f < (w)>+1)ei[(wo—w)+ie}q—

e—0t

=3 /_Do ;l% |f(w)|2 ((n(w)) +1) (—i lim o dTeq;[(wU—w)+i€]7->

e—=0t Jo
dw . 1
i ) () + (GE%L e ) (36)

G4 (wo)

lim dT/ o ‘f ( )> i[(w—wo)+ie]T

e—0+
i / di’|f<w>|2 i Tim / dreillo-w)tids
o 2 e—0T

—i [ U@ ) (hm ) (37)

e—0t (wo — w) + ie

G (wo)
We now invoke the so-called Dirac identity,

_ 1 __ P .
Grlwo) = el—l>%1+ (wo —w) +ie  wo—w —imd{wo —w) (38)

to get

[ @ () + 1) Gaen) = i [ G )+ 1)
o [ s @) (n(w) +1)
= ZP[WT

Wy — W

— imd(wo — w))

Wo — W

A'+A
45 [ @l (@) +1) 8 )

"4

I"4+T
2

T G0 = i 2R e (
o [ e f)P ()
= ZP[mﬂi

W — Wo

= i(A+A)+ (39)

i )

Wy — W

+3 /Z e |£(@)? (n(w))5(w — wo)

I

!
iA + % (40)

where P is the principal part integral. For the function F(z) which diverges at the point x = xy, it is defined by

p/abp(gc)dx = lim (/:0_5 F(z)dz + /:;M F(x)dx> : (41)



By plugging these expressions in Eq. (27) we have

o5(t) o o o I"+T
5 = — |(@as(t) —as(t)al) (Z(A AT >
+ (Er(t)aaT — GTU(t)d) <iA/ + 2)
+(5(afa — ac(t)al) (—Z @+ 8)+ T ; F)

= % [(hAGTa) ,5(t)] F/;F (2a5(t)al —a'ag(t) — 5(t)ata)
+F§/ (2a'6(t)a — aa'e(t) — 5(t)aa’) . (42)

Returning to the Schodinger representation we arrive at the following master equation:

8((79?5) _ _% [M(wo + Aala, ot)] + I'+T (Qaa(t)&T —alao(t) — a(t)d*&)
+F5 (2ato(t)a — aalo(t) — o(t)aal) (43)

We can now indentify I' defined in Egs. (39) and (40) by

P [l f) 5w — o) ~ F(e) (44)

as the Einstein-A-coefficient-like spontaneous emission rate for the LC circuit. On the other hand I' defined in
Egs. (39) and (40) by

= [ dolf) () = ) ~ | e) (n(e)) = (n(eo))T (45)

is identified as the Einstein- B-coefficient-like stimulated emission rate (and also absorption rate).

It also becomes clear that A appeared in Eqgs. (39) and (40) is the Lamb-shift-like spontaneous radiative shift
occuring without any photons in the environment, and A’ is the radiative shift due to real photons in the environment,
which in fact disappears in Eq. (43) in a course of calculation (see Eq. (42)).

The master equation, Eq. (43), assumes the Lindblad form, which, in general, is written as

o (t) i

o = 5o+ %Z (2Aﬂ< 04} - A Aso(t) ~ o(t) A5 As)

= [ Z,cDAJ (46)

with H being some hermitial operator and A; being any operators (called collapse operators), which are responsible
for the irreversible non-unitary evolution of o(t). The Lindblad form, however, assures to preserve the complete
positivity and trace of the reduced density operator o(t). Here the Lindblad superoperator Lp[A ] o(t) is defined by

Lp[As]o(t) =24;0(t)Al — AL Ajo(t) — o(t)ALA;. (47)
The master equation (43) is then written with the Lindblad superoperators as

5‘; gt) _ _% [h(wo + A)ila, o(t)] + %zp[ma} o(t) + %ﬁn[ﬁ if| o(t). (48)
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FIG. 3: Physicsl interpretations of 4 terms in Eq. (49).

III. RATE EQUATION [1]

Now we shall see more explicitly that I' = | f(wp)|* in Eq. (44) is related to the Einstein- A-coefficient-like spontaneous
emission rate. Let us first evaluate the master equation (43) in the Fock-state bases {|N)} for the system:

dp(N,t) _ T+ T (2(Nlao(t)a’|N) — (Nl|a'ao(t)|N) — (Nlo(t)a'a|N))

dt 2
+% (2(Nlao(t)a|N) — (Nl|aato(t)|N) — (Nl|o(t)aal|N))
= It NP(N-1)= It (N+1)P(N) = I') NP(N)+ T (N+1)P(N +1), (49)
~—~— ~— N~~~ N~~~
r I’ 4TI T+I7

where we used the abbreviations P(N,t) = (N|o(t)|N), P(N — 1,t) = (N — 1|lo(t)|N — 1), and P(N + 1,t) =
(N + 1|o(t)|N + 1). Here the first term in the right hand side of Eq. (43) naturally disappers since it represents
the conservative Hamiltonian and thus contributes nothing to the dynamics of Fock states (energy eigenstates).
Consequently, this equation contains only the diagonal elements of the density operator and the effect of the radiative
shifts A and A’ are absent. There are 4 terms in Eq. (49), each of which has a clear physical meaning as depicted in
Fig. 3. The first term represents the population gain from the (N — 1) —photon Fock state due to the absorption at
the rate of NT” (the lower blue arrow in Fig. 3). The second term represents the population loss from the N—photon
Fock state due to the absorption at the rate of (N + 1) I” (the upper blue arrow in Fig. 3). The third and the fourth
terms represent the spontaneous and stimulated emissions from the N—photon Fock state into the (N — 1)—photon
Fock state at the rate of N (I'" 4+ T') (the lower red arrow in Fig. 3) and from the (N + 1)—photon Fock state into the
N —photon Fock state at the rate of (IV + 1) (I" +T') (the upper red arrow in Fig. 3), respectively.
We have then the following rate equation:

d B P(N,t)
$<N> - %:N dt

= T+ (N+1)P(N) =T, Y NP(N),
N N

= I'{(N +1) =T|(N)

= — (I =T (N)+ Tt

— D(N)+T

= —T(N) +T'(n(wo)), (50)

where Eq. (45) is used in the last equation. Thus, as we anticipated, ' can be considered as the spontaneous emission
rate. Note that the bosonic enhancement factors are canceled to get the damping rate independent on the initial
excitations. This cancellation stems form the fact that the harmonic oscillators have an equidistant evergy-level

structure. The steady state condition %(N ) = 0 gives us the steady-state occupation number of the LC photons:

I
N = = (nfw)), (51)



that is, the averaged photon number of the environment (n(wp)).
The general solution of the rate equation Eq. (50) can be given by

(N (1)) = (N(0)e™" + (n(wo)) (1 —e7"") . (52)

IV. PROBLEM
A. Fokker-Planck equation [1]

In Sec. IIT we evaluate the master equation (43) in the Fock-state bases {|N)} to obtain the rate equation. When
we evaluate the master equation (43) in the coherent-state bases {|a)}, we arrive at the Fokker-Planck equation for
the quasi-probability density called P-function, Py(83,8*,t). Here the P-function can be used to represent the density
operator o(t) as

o) = [ E6P(5,5.018) (8l (53)

where the coherent-state bases {|3)} are defined as
alp) = BI) (54)
(Bla* = 5*(8]. (55)

Deduce the Fokker-Planck equation

9 pe(8.8"1) = (

o D it A)) 2 (3Py(8,6%. )]

2 BX;

r . 0 "
N (2 i (wo +A)> 557 P85 0)
32

I g PN (8,870, (56)

from Eq. (43) with Eq. (53).
Check that the following Gaussian function

8- Boef(gﬂ‘(wﬁmt)} {5* _ 5367(g7i(w0+mt)

exp | — (n(wo)) (1= e T9) (57)

P50 = Sty = e

constitutes the solution of Eq. (56). Note that for ¢ = 0 it becomes §(5— 80)d(5* — 85). Show the function Py (85, 5%, 1)
for t = oo.

[1] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg, Atom-Photon Interactions (John Wiley and Sons, New York, 1992).
[2] S. M. Barnett and P. M. Radmore, Methods in Theoretical Quantum Optics (Oxford University Press, New York, 1997).
[3] C. W. Gardiner and P. Zoller, Quantum Noise, 2nd ed. (Springer, Berlin, 2000).



	"Coarse-grained" time evolution CDG2
	Lindblad form CDG2,BR,GZ
	Rate equation CDG2
	Problem
	Fokker-Planck equation CDG2

	References

